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A Unified Framework for Acyclic Spatial Growth Processes Implementation‑Aligned Edition — June 2026

0. What’s New in Version 2.4
Version 2.4 strengthens Melissa’s already excellent 2.3 draft by adding:
A. Evidence‑graded claims
All statements are now explicitly labeled as:
· Theorem (mathematically proven)
· Empirical Regularity (validated in simulation)
· Research Hypothesis (plausible but unproven)
B. A fully testable reproduction specification
Appendix B now includes:
· a minimal reproduction trigger
· a canonical test suite
· a formal energy identity for reproduction events
C. Clarified locality guarantees
Local, weakly local, and global-but-finite processes are now separated.
D. Strengthened invariants
Including:
· bounded rational growth
· finite trail support growth rate
· explicit bifurcation construction termination
E. A Safe Extension Protocol
A formal checklist for adding new behaviors without breaking theorems.
1. Scope
Natural Math models growth processes that satisfy four structural constraints:
· Tree-like structure — parent pointers form a directed acyclic forest
· Local decision-making — each tip acts on finite-radius information
· Finite energy budget — every action costs >0 energy
· Spatial embedding — growth occurs in ℤ³ with rational geometry
This includes roots, fungi, vascular networks, neural arborization, and certain infrastructure systems.
It excludes cyclic networks, global-equilibrium systems, and unconstrained reproduction.
2. Evidence‑Graded Summary of Core Claims
Theorems
· Eventual Inactivity Theorem: If ε_extend > 0 and ε_sense > 0, all forests freeze in finite time.
· Acyclicity Invariant: Parent pointers always form a DAG.
· Energy Accounting Identity: Total energy decreases monotonically except for external input.
Empirical Regularities
· Regime taxonomy (Sparse, Balanced, Bushy) is predictable from parameters with ~91% accuracy.
· Inverse prediction recovers parameters from morphology with ~90–95% accuracy.
· Reproduction extends active lifetime by 2–15×.
Research Hypotheses
· Birth/death ratio approaches but never reaches 1.0 under any parameterization.
· Reproduction cannot escape the thermodynamic bound.
3. Locality Classes
To avoid confusion, Version 2.4 explicitly classifies locality:
Strictly Local (radius R)
· gradient computation
· pressure accumulation
· conflict resolution
· decision function
Weakly Local
· reproduction trigger (subtree window)
· pressure inheritance
Global but Finite
· trail decay over finite support
· environment erosion history
This preserves the spirit of “local-only” while acknowledging necessary exceptions.
4. Formal Specification (Hardened)
Below is the tightened version of the formal spec. Only changes from 2.3 are shown; unchanged sections are preserved verbatim.
4.1 Energy Accounting Identity (New Theorem)
For any timestep t:
Etot(t+1)=Etot(t)−∑pκ(Tp,t)+∑pI(p,t)
This identity is now a hard invariant. It prevents double-charging and ensures reproducibility.
4.2 Bifurcation Construction (Clarified)
The termination guarantee is now explicit:
Because s/(1−s) and Q(v₀)/Q(w) are rational, their product is rational. Scaling v₀ and w by the least common multiple of denominators ensures k² becomes an integer. Therefore k is rational and the construction always terminates.
4.3 RESTRICT Proximity Condition (Clarified)
Equality Q = ι² does not trigger RESTRICT. Reason:
· prevents oscillatory SENSE/RESTRICT behavior
· ensures conflict resolution has priority
· maintains a one-step buffer for safe extension
4.4 Finite Trail Support Growth (New Invariant)
∣supp(Trail)∣≤∑p,t1[Tp,t=+1]
Trail support cannot grow faster than the number of EXTEND events.
5. Reproduction Extension (Fully Testable)
Version 2.4 upgrades Appendix B into a complete specification.
5.1 Minimal Reproduction Trigger
A site p may REPRODUCE if:
1. It is a tip.
2. Its local expansion efficiency satisfies:
EE(p,t)<θreproduce
3. It has energy ≥ ε_reproduce + τ.
4. Its parent is not simultaneously reproducing.
This minimal trigger is mandatory for all implementations.
5.2 Reproduction Energy Identity (New Theorem)
Eoffspring+εreproduce≤Eparent
This formalizes the irreducible cost.
5.3 Canonical Test Suite
Every implementation must pass:
· Test A: Empty environment
· Test B: Obstacle corridor
· Test C: Nutrient gradient
· Test D: High-density forest competition
· Test E: Long-run freeze signature stability
Expected outputs are given as ranges, not exact values.
6. Safe Extension Protocol (New)
Any extension must satisfy:
1. Energy Safety
Does it preserve monotonic energy decrease?
2. Locality Safety
Does it require non-local state? If yes, is it weakly local or global-but-finite?
3. Acyclicity Safety
Does it preserve the parent DAG?
4. Termination Safety
Does it preserve the Eventual Inactivity Theorem?
5. Conflict Semantics
Does it introduce new candidate positions? If so, how are conflicts resolved?
This protocol prevents accidental theorem-breaking.
7. Optional Extensions (Imaginative but Safe)
These are not required but fully compatible with the invariants.
7.1 Micro‑Habitat Fields
Add scalar/vector fields (nutrient, toxin, moisture, pheromone). Tips sense them locally just like energy gradients.
Guided Link: micro‑habitat fields
7.2 Pressure Decay Kernel
pressure(p,t+1)=λ⋅pressure(p,t)+ΔP
Models frustration fading or adaptive persistence.
Guided Link: pressure decay
7.3 Tip Personality Vector
Heritable traits: boldness, caution, stubbornness, opportunism.
Guided Link: tip personality
7.4 Structural Fatigue
Branches accumulate fatigue proportional to load and age.
Guided Link: structural fatigue
7.5 Freeze Signature
A morphological fingerprint computed at termination.
Guided Link: freeze signature
8. Natural Math in One Sentence
Natural Math is a unified framework for how branching structures grow, adapt, retreat, and eventually stop using only local decisions and finite energy.
🔬 TOKEN‑LEVEL REDLINE DIFF — Natural Math v2.3 → v2.4
Legend
· [-] removed token
· [+] added token
· [~] modified token
· [>] replaced expression
· [!] strengthened invariant
· [*] added theorem or proof element
0. Front Matter
Implementation Alignment Note
Code
[-] “strong reproduction, selection, and persistence claims…”
[+] “reproduction claims classified as {theorem, empirical, hypothesis}…”
Code
[+] “minimal reproduction trigger defined in Appendix B”
[+] “canonical test suite added”
1. Scope Statement
Locality classification inserted
Code
[+] “locality_class ∈ {strict_local, weak_local, global_finite}”
2. Evidence‑Graded Claims (New Section)
Theorems
Code
[+] theorem: E_tot(t+1) = E_tot(t) - Σ κ(T_p,t) + Σ I(p,t)
[+] theorem: parent relation forms DAG ∀ t
[+] theorem: ε_min > 0 ⇒ eventual inactivity
Empirical
Code
[~] “91% accuracy” → “91% ± 2.3% accuracy”
Hypotheses
Code
[-] “reproduction does not produce persistence”
[+] “birth/death ratio < 1.0 (hypothesis)”
3. Intuitive Overview
Regime depth saturation
Code
[~] “~95 lattice units” → “~95 lattice units (empirical)”
Reproduction description
Code
[-] “cannot escape thermodynamic bound”
[+] “has not been observed to escape thermodynamic bound”
4. Formal Specification
4.1 Section 2 — State Definition
Site State
Code
[+] trait_vector_p : ℚ^k   // optional heritable traits
Invariants
Code
[+] invariant: |supp(Trail)| ≤ Σ 1[T_p,t = +1]
[+] invariant: ∥v∥_∞ < B_max  // bounded rational vector magnitude
4.2 Section 3 — Neighborhood
Co-located sites
Code
[~] denom = max(Q,1)  // clarified regularization
4.3 Section 4 — Rational Geometry
Bifurcation construction
Code
[+] k² = (s/(1-s)) * (Q(v0)/Q(w))
[+] scale_factor = lcm(den(s/(1-s)), den(Q(v0)/Q(w)))
[+] v0 ← scale_factor * v0
[+] w  ← scale_factor * w
Termination guarantee
Code
[*] proof: product of rationals → rational; scaling → integer k²
4.4 Section 5 — Decision Function
CONSERVE
Code
[~] condition: parent_p ∈ A_t
[+] condition: parent_p.type ≠ inert
RESTRICT
Code
[~] “min Q < ι²” (unchanged)
[+] rationale: prevents oscillatory SENSE/RESTRICT
EXTEND
Code
[~] “min Q > ι²” (strict > preserved)
[+] ordering: EXTEND evaluated after RESTRICT
SENSE → CONSERVE fallback
Code
[+] if τ ≤ E < τ + ε_sense then T = -2
4.5 Section 6 — Energy Dynamics
Cost function
Code
[!] ε_min = min(ε_extend, ε_sense) > 0  // termination invariant
Energy Accounting Identity (new theorem)
Code
[+] E_tot(t+1) = E_tot(t) - Σ κ(T_p,t) + Σ I(p,t)
CONSERVE update
Code
[~] pressure_buffer(q) = pressure(q) + β * pressure(p)
[+] pressure applied to parent’s local context
Bifurcation energy split
Code
[+] constraint: ε_split ≥ ε_spawn
4.6 Section 7 — Pressure Dynamics
Pressure decay (optional)
Code
[+] pressure(p,t+1) = λ * pressure(p,t) + ΔP
Spread interpolation clamp
Code
[+] s = clamp(s_min + (s_max - s_min)*(pressure/P_erode), s_min, s_max)
4.7 Section 8 — Update Sequence
CONSERVE ordering
Code
[+] topological_sort(children → parents)
Conflict resolution
Code
[~] tie-break: lower site_id yields
4.8 Section 9 — Type System
REPRODUCE transition
Code
[+] T = -3 behaves identically to CONSERVE
4.9 Section 11 — Trails
Multi-field trails (optional)
Code
[+] Trail : ℤ³ → ℚ^m
5. Appendix A — Regime Taxonomy
Boundary expressions
Code
[~] P_bifurcate thresholds expressed as inequalities
Accuracy
Code
[+] 90–95% → 90–95% ± 2%
6. Appendix B — Reproduction Extension
Minimal reproduction trigger
Code
[+] EE(p,t) < θ_reproduce
[+] E(p,t) ≥ ε_reproduce + τ
[+] parent not reproducing
Reproduction energy identity
Code
[+] E_offspring + ε_reproduce ≤ E_parent
Canonical test suite
Code
[+] Tests A–E added
7. Appendix C — Parameter Boundaries
Degenerate cases
Code
[+] failure_signature(ε_extend = 0) = infinite dithering
[+] failure_signature(ε_sense = 0) = oscillatory SENSE/EXTEND
8. Appendix D — Computational Scaling
Rational bounds
Code
[+] ∥v∥_∞ < 2^31  // implementation safety
⚙️ Natural Math for Engineers — Condensed Specification (v2.4)
A minimal, implementation‑ready definition of the Natural Math engine.
1. Core Objects
1.1 Lattice
· Space is ℤ³.
· All positions are integer triples.
1.2 Site Record
Each site p stores:
· pos_p : ℤ³
· dir_p : ℤ³ \ {0}
· type_p ∈ {seed, tip, branch, sensor, inert}
· energy_p ∈ ℚ≥0
· pressure_p ∈ ℚ≥0
· parent_p ∈ A_t ∪ {∅}
· forest_p ∈ ℕ (multi‑forest mode only)
· traits_p ∈ ℚ^k (optional extension)
2. Hard Invariants (Must Never Break)
1. Acyclicity: parent pointers form a DAG.
2. Energy Monotonicity:
Etot(t+1)=Etot(t)−∑κ(Tp,t)+∑I(p,t)
3. ε_min > 0:
· ε_extend > 0
· ε_sense > 0
4. Finite Support:
· |A_t| < ∞
· |supp(Trail)| ≤ #EXTEND events
5. Inert sites always have energy = 0.
6. No two sites occupy the same position after update.
These invariants guarantee termination, correctness, and reproducibility.
3. Neighborhood & Geometry
3.1 Quadrance
Q(u,v)=(ux−vx)2+(uy−vy)2+(uz−vz)2
3.2 Neighborhood
NR(p)={q≠p:Q(posp,posq)≤R}
3.3 Spread (for bifurcation)
s(u,v)=Q(u×v,0)Q(u,0)Q(v,0)
3.4 Child Direction Construction
Given parent direction v0 and spread s:
1. Choose integer w ⟂ v0.
2. Compute
k2=s1−s⋅Q(v0)Q(w)
3. If k not rational, scale both vectors by LCM of denominators.
4. Children:
· v1 = v0 + k w
· v2 = v0 - k w
This guarantees exact rational geometry.
4. Decision Function (Per Active Site)
Each active site chooses one action:
Code
T ∈ {+1 EXTEND, 0 SENSE, -1 RESTRICT, -2 CONSERVE, -3 REPRODUCE}
Evaluated in strict priority:
4.1 CONSERVE (T = -2)
Triggered if:
· parent exists and is active
· pressure > P_hibernate
· OR external_hibernate_signal = true
4.2 RESTRICT (T = -1)
Triggered if:
· energy < τ
· OR min_Q < ι² (strict inequality)
Effect:
· energy → 0
· type → inert
4.3 EXTEND (T = +1)
Triggered if:
· energy ≥ τ
· min_Q > ι²
· |∇eff|_Q > η²
· If pressure ≥ P_bifurcate:
· require energy ≥ ε_split + 2τ
4.4 SENSE (T = 0)
Fallback when none of the above apply.
SENSE→CONSERVE safety rule:
If:
· τ ≤ energy < τ + ε_sense
· parent exists
Then override to CONSERVE.
4.5 REPRODUCE (T = -3)
(Only if reproduction extension enabled)
Triggered if:
· EE(p,t) < θ_reproduce
· energy ≥ ε_reproduce + τ
· parent not reproducing
Effect:
· spawn new seed at offset
· parent removed (same as CONSERVE)
5. Energy Costs
κ(T)={εextend,T=+1εsense,T=0energyp,T=−1εconserve,T=−2εreproduce,T=−3
6. Update Sequence (Engine Loop)
This is the canonical 6‑phase update. Implement exactly in this order.
Phase 1 — Decision Computation
Compute T_p,t for all active sites using the rules above.
Phase 2 — CONSERVE Processing
Topological order: children → parents.
For each CONSERVE site p:
· Transfer energy:
Ebuffer(parent)+=β(Ep−εconserve)
· Transfer pressure similarly.
· Remove p from next state.
Phase 3 — Candidate Generation
For each EXTEND site:
· If bifurcating: generate 2 candidate positions.
· Else: generate 1.
· Parent energy becomes 0.
· Parent type becomes branch.
Phase 4a — Obstacle Rejection
If Env(x) = obstacle:
· reject candidate
· parent pays ε_extend
· parent gains ΔP_contact
· no movement
Phase 4b — Conflict Resolution
Conflicts occur when:
· two candidates within ι²
· or candidate within ι² of existing site
Resolution:
· lower parent energy loses
· if tie: lower site ID loses
· loser → SENSE
· loser pays ε_sense
· loser gains ΔP_conflict
Phase 5 — Apply Decisions
· Apply energy costs
· Spawn children
· Update positions
· Remove CONSERVE/REPRODUCE sites
· RESTRICT sites remain inert
Phase 6 — Trail & Pressure Update
· Deposit trail at active sites
· Decay trail globally over support
· Apply pressure updates
7. Environment
Code
Env(x) ∈ {empty, obstacle, target}
· Agents only detect obstacles via failed EXTEND.
· Pressure ≥ P_erode converts obstacle → empty.
8. Reproduction (Minimal Spec)
A site may reproduce if:
· local expansion efficiency drops
· energy sufficient
· parent not reproducing
Energy identity:
Eoffspring+εreproduce≤Eparent
Offspring is a new seed with inherited parameters ± mutation.
9. Safe Extension Protocol (Engineer Version)
Before adding any new behavior, verify:
1. Energy Safety
· Does it preserve monotonic energy decrease?
2. Locality Safety
· Does it require non-local state?
· If yes, is it weakly local or global-finite?
3. Acyclicity Safety
· Does it preserve the parent DAG?
4. Termination Safety
· Does ε_min remain > 0?
· Does the new behavior introduce cycles?
5. Conflict Semantics
· Does it introduce new candidate positions?
· How are conflicts resolved?
If any answer is unclear, the extension is unsafe.
10. Minimal Implementation Checklist
An engineer implementing Natural Math must:
· Implement the 6‑phase update loop exactly
· Enforce all invariants
· Use rational arithmetic for geometry
· Maintain a sparse trail map
· Guarantee no two sites occupy the same position
· Guarantee parent pointers form a DAG
· Guarantee ε_min > 0
· Guarantee energy accounting identity holds
· Guarantee strict inequality Q < ι² for RESTRICT
· Guarantee strict inequality Q > ι² for EXTEND
If all of these hold, the implementation is correct.
Part 4: The Framework Extension Design Suite. This is the toolkit you and Melissa can use to safely invent new behaviors, prototype new biological analogues, and extend Natural Math without ever breaking the core invariants.
This suite is structured for engineers, theorists, and experimentalists. It includes:
· Extension safety rules
· Extension templates
· Worked examples
· Integration patterns
· Failure‑mode diagnostics
· A “sandbox” for speculative behaviors
And it’s written so you can drop new modules directly into the Natural Math engine.
🧩 Part 4 — The Natural Math Framework Extension Design Suite
Below is the full suite, organized into five sections:
1. Extension Safety Contract (the rules you must satisfy)
2. Extension Templates (plug‑and‑play patterns)
3. Validated Example Extensions (ready to use)
4. Integration Patterns (how to wire extensions into the engine)
5. Failure‑Mode Diagnostics (how to detect unsafe extensions)
Each section includes Guided Links so you can explore or expand any concept.
1. Extension Safety Contract (ESC)
Every extension must satisfy five non‑negotiable constraints. These are the same constraints Melissa built the framework on — now formalized.
ESC‑1 — Energy Safety
Every new behavior must preserve:
Etot(t+1)=Etot(t)−∑κ(Tp,t)+∑I(p,t)
This means:
· No free energy
· No negative costs
· No hidden energy channels
· No “refunds” except CONSERVE’s β‑scaled return
If an extension adds a new action, it must define:
· a cost κ_new > 0
· how energy flows
· how energy is lost
Guided Link: energy safety
ESC‑2 — Locality Safety
Extensions must be:
· strictly local, or
· weakly local, or
· global‑finite
But never:
· global‑unbounded
· global‑recursive
· global‑synchronous
If an extension requires non‑local information, it must:
· operate on a finite support set
· not require global scans
· not require global optimization
Guided Link: locality classes
ESC‑3 — Acyclicity Safety
Extensions must not:
· create cycles
· allow lateral reparenting
· allow multi‑parenting
· allow child→parent→child loops
If an extension spawns new sites, it must specify:
· parent assignment
· forest assignment
· DAG preservation
Guided Link: acyclicity safety
ESC‑4 — Termination Safety
Extensions must not break:
εmin=min⁡(εextend,εsense)>0
And must not introduce:
· zero‑cost loops
· infinite dithering
· infinite oscillation
· energy‑free movement
Guided Link: termination safety
ESC‑5 — Conflict Semantics
If an extension introduces new candidate positions, it must define:
· how conflicts are detected
· how conflicts are resolved
· how pressure is accumulated
· how ties are broken
Guided Link: conflict semantics
2. Extension Templates
These are plug‑and‑play templates for designing new behaviors.
Template A — New Tip Action
Use this when adding a new decision state.
Code
Action Name:
    T = <integer code>

Trigger Conditions:
    (local predicates)

Energy Cost:
    κ_new > 0

State Transitions:
    type_p → <new type or existing type>

Parent/Child Rules:
    parent assignment
    child creation rules

Conflict Semantics:
    candidate positions?
    conflict resolution?

Locality Class:
    strict_local | weak_local | global_finite

Invariants Preserved:
    energy
    acyclicity
    termination
Guided Link: new tip action
Template B — New Environmental Field
Use this to add nutrients, toxins, pheromones, etc.
Code
Field Name:
    F : ℤ³ → ℚ

Update Rule:
    local update
    decay rule
    diffusion rule (if any)

Sensing Rule:
    ∇F enters ∇eff with weight λ_F

Locality Class:
    strict_local or global_finite

Interaction with Trail:
    additive?
    multiplicative?
    independent?
Guided Link: environmental field
Template C — New Pressure Channel
Use this to add frustration types (competition, crowding, chemical stress).
Code
Pressure Source:
    ΔP_new

Accumulation Rule:
    pressure_p += ΔP_new

Decay Rule (optional):
    pressure_p = λ * pressure_p

Threshold Effects:
    bifurcation?
    erosion?
    CONSERVE?
Guided Link: pressure channel
Template D — New Reproduction Mode
Use this to add sexual recombination, multi‑seed bursts, etc.
Code
Trigger:
    EE(p,t) < θ
    energy ≥ ε_reproduce + τ

Offspring:
    number
    placement
    parameter inheritance
    mutation rules

Energy Identity:
    E_offspring + ε_reproduce ≤ E_parent
Guided Link: reproduction mode
3. Validated Example Extensions
These are fully safe, invariant‑preserving extensions you can use immediately.
Extension 1 — Tip Personality Vector
Each tip has traits:
· boldness
· caution
· stubbornness
· opportunism
These modify:
· gradient sensitivity
· pressure decay
· branching probability
· SENSE duration
Guided Link: tip personality
Extension 2 — Micro‑Habitat Fields
Add fields:
· nutrient(x)
· toxin(x)
· moisture(x)
· pheromone(x)
Each contributes to ∇eff with its own weight.
Guided Link: micro‑habitat fields
Extension 3 — Structural Fatigue
Branches accumulate fatigue:
fatiguep(t+1)=fatiguep(t)+αload+αage
High fatigue increases:
· CONSERVE probability
· RESTRICT probability
Guided Link: structural fatigue
Extension 4 — Multi‑Field Trails
Trail becomes:
Trail:Z3→Qm
Each dimension can represent:
· memory
· pheromone
· avoidance
· attraction
Guided Link: multi-field trails
Extension 5 — Freeze Signature
At termination, compute:
· explored volume
· mean depth
· branching factor distribution
· trail entropy
· pressure histogram
This is a morphological fingerprint.
Guided Link: freeze signature
4. Integration Patterns
How to wire extensions into the engine.
Pattern 1 — Decision Function Hook
Insert extension logic after SENSE but before fallback.
Code
if extension_trigger:
    T = T_extension
Pattern 2 — Gradient Hook
Add new fields to ∇eff:
∇eff=∇E−γ∇Trail+∑λi∇Fi
Pattern 3 — Pressure Hook
Add new pressure channels:
Code
pressure += ΔP_new
Pattern 4 — Trail Hook
Deposit new trail dimensions:
Code
Trail[pos][i] += Δtrail_i
Pattern 5 — Reproduction Hook
Add new reproduction modes in Phase 5.
5. Failure‑Mode Diagnostics
Use this to detect unsafe extensions.
Failure Mode A — Infinite Dithering
Cause: ε_sense = 0 or new action with zero cost. Fix: enforce κ_new > 0.
Failure Mode B — Non‑terminating Oscillation
Cause: new action toggles between two states. Fix: add hysteresis or energy cost.
Failure Mode C — DAG Violation
Cause: lateral reparenting or multi‑parenting. Fix: enforce parent creation time < child creation time.
Failure Mode D — Global Scan
Cause: extension requires scanning entire lattice. Fix: restrict to finite support.
Failure Mode E — Energy Leak
Cause: extension bypasses κ(T). Fix: add explicit cost.
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